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The flow of an e lec t r ica l ly  conducting non-Newtonian fluid allowing for the effect of external e l ec t ro -  
magnetic fields was studied in [1-6, 9]. In par t icu lar ,  steady state Couette and Hartmann flow were con- 
s idered in [4] for power- law non-Newtonian fluids and it was shown that dilatant and pseudoplastic fluids 
behave differently in an external  magnetic, field. Nonsteady-state se l f - s imi la r  flow of power- law non- 
Newtonian fluids without a magnetic field was considered in [7]. 

The present  paper  investigates the nonsteady-state  self--similar flow of a power-law non-Newtonian 
e lec t r ica l ly  conducting fluid in an external  magnetic field when a plate is set abruptly into uniform motion. 
The problem is solved for weak and for  strong magnetic fields. It is shown that in dilatant fluids two 
regions ar ise  separated by a moving boundary: the fluid at res t  and the per turbed fluid. If uniformly exact  
approximations are obtained for pseudoplastic fluids by the method of expansion with respec t  to a small  
pa rame te r ,  the solutions obtained by the same method for dilatant fluids have singulari t ies in the neighbor- 
hood of the moving boundary. Thus, a solution is obtained in the latter case using the PLG ( P o i n c a r e -  
Lighth i l l -Go)  method and by the method of external  and internal expansions [8]. The f irs t  two approxi-  
mations to the solution are obtained for all the cases .  

1. Let the half space y >0 be filled with a power- law non-Newtonian e lec t r ica l ly  conducting incom- 
press ib le  fluid. At time t = 0, the plane y = 0 is abruptly set into a state of uniform motion with velocity 
Uinthe  direct ion of the Xaxis .  The magnetic Reynolds '  number is small .  The magnetic field s trength 
vector  H is paral lel  to the y axis. 

In this case ,  the equations of motion of the fluid and the boundary conditions have the form 

Ou k O(  Oa n-i Ou ) Z~t2H2 u 
at p oy ~ ~ = -  p (1.1) 

u(0, g) = 0 u(t, 0) = U, u(t, oo) = 0, t~ ,  0 

Here u is the component of velocity along the x axis; p is the density; k and n are pa rame te r s  in the 
law collecting surface tensions with deformation velocities for power- law fluids; a is the e lec t r ica l  con- 
ductivity; and # is the magnetic permeabi l i ty .  

For  the se l f - s imi la r  problem,  we require  that 

H = At- '~ (A = const) (1.2) 

We shall look for a solution of Eq~ (1.1) in the form 

u = U/01),  11 = y (nkp- l tU~ 1)-l/(n+l) (1.3) 

We obtain the following equations and boundary conditions for determining the functions f(v):  

' N / ,  /(0) ~, / ( o ~ ) = 0  [ / '  I ~ + . ~ - i -  ! = = 
(N = c~I~2A20 -z = const) (1.4) 
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A prime dr the derivative of a function with respec t  to its argument.  Equation (1.4) cannot be 
solved analyt ical ly for any value of N. Solutions are obtained below for small  and large values of N using 
perturbat ion methods [8]~ 

2. We look for a solution for the functions f ( v )  in the case of small  N in the form 

] = ]o § N]~ § Ns]2 §  (2.1) 

For  the ze ro - th  approximation we have 

I " o l l o ' l n l + - z T - ( l o = O ,  1o(0)=t, 10(oo)=0 (2.2) 

The solution for f0 has the form [7] 

/o = ~- - -  d~, q) (~) = C'l § 2 (t + n) 
0 

[[2(i--n) 2 ' 2(i~n) for 

, + n  ,/~ n )}m-~)lO+~) 

n < l 

n > l  

(2.3) 

The functionfo can be expressed  in t e rms  of the incomplete B-function [7] which can be written in 
t e rms  of the hypergeometr ie  function. 

We note that in the case of a dilatant fluid (n > 1),for 

~ [2 (n + t) CII'I.j 
0 ~ , i %  L n_---~--=- i - -  = s ,  (2.4) 

the fluid moves,  while for V >- s ,  it remains  at res t ,  i .e. ,  the per turbat ions penetrate gradually into the 
fluid. The effect of the magnetic field is not taken into account in the ze ro - t h  approximation. 

The equation for determining f l  has the form 

t0 Ilo' b-V; § I (~ -  n)llo' I:-Vo" + ,r~-- . ] i .  = 
A (0) = A (co) = o 

(2.5) 

When the function q~ (~) is taken into account, the last equation can be rewri t ten  in the form 

have 

2 - - 7 ~  , ? 
q~i:" § n l----~-n-I1 = io (2.6) 

Solving this equation with the appropriate  boundary conditions for a pseudoplastic fluid (n < 1), we 

n ~ - - n  K 1 

11 = (fi0  5,:) 
0 0 

co 2 - - n  co 9 - - n  ~ 1 

0 o 0 

(2.7) 

For  a dilatant fluid (n > 1), the solution obtained in this way is invalid close to the boundary of the 
of the per turbed region of flow, since l f0'  I << [ f l '  1 in its neighborhood. 

3. We use the PLG method [8] to obtain uniformly valid approximations in the case of a dilatant 
fluid for small  N. We r e p r e s e n t f  and ~? in the form 

! - - / o  (s) + NI l  (s) § .... n = s + JVnl (s) § ... (3.1) 

Inserting Eq. (3ol) in (1A) and collecting t e rms  which do not contain N we obtain an equation for f0 (s) 
which coincides with (2.2)~ Thus, the solution for f0(s) coincides with (2.3) for n > 1. Collecting the t e rms  
containing N, we have 

2 - - n  n i , 
I Io' P- ' i l "  § ~ sll' - -  I lo' I~-xio'nl " § ~--+--~ Slo'~b.' § y-~'~[o n, == lo (3.2) 
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We now make use of the p r inc ip le  that  h i g h e r - o r d e r  app rox ima t ions  do not have a h i g h e r - o r d e r  
s i ngu la r i t y  than the f i r s t  a p p r o x i m a h o n  [8]. We can thus s e p a r a t e  Eq. (3.2) into two equat ions  for  d e t e r -  
mining Vl a n d f l ,  r e s p e c t i v e l y ,  

ns  
l/0'l=-V0% " : + ~ I o % '  = - / o  

2--n  t 
[ /o ' l~ - : /~"+T-+- -#s /~  ' - -  : + ~  ndo '  

In tegra t ing  (3.3) and taking the p r inc ip le  fo rmu la t ed  above into account ,  we obtain 

(3.3) 

(3.4) 

s n s 

0 S, 
(3.5) 

The cons tan t  C a is d e t e r m i n e d  below.  In tegra t ing  Eq. (3.4) with the bounda ry  condi t ions  f l ' ( s , )  = f ,  

(s , )  = 0, we have 

s.  s ,  
(3.6) 

It fol lows f r o m  the c o n d i t i o n f  = 1 for  ~7 = 0 that  

h (0) I q~--~(s, g (3.7) C3 = W(n + t )  c,~ -~ + 
0 s s~ 

In the solut ion obtained,  the quant i t ies  f0 '  and f l '  a r e  of the same  o r d e r  for  0 _< s _< s , .  The boundary  
of the p e r t u r b e d  reg ion  as given by  the f i r s t  app rox ima t ion  is d e t e r m i n e d  by the r e l a t ion  

n = ~,  = n(~ , )  = s ,  + N [c~ + g ( s , ) ]  (3.8) 

F o r  the p a r t i c u l a r  ca se  in which n = 2, the in t eg ra l s  in Eqs .  (2.3), (3.5)-(3.8) can be eva lua ted  in t e r m s  
of e l e m e n t a r y  funct ions ,  and so we have 

/o = ~/~ ( s ,  - s) ~ ( 2 s ,  + s). s ,  = 3:/~ 
/1 = 1/a { :6ss, ~ In 2s, - -  t2s,  2 (s -~- s,)  In [1]~ (s + s , ) / s , ]  

- -  4s ,  ( s ,  -[- s) ~ In (s + s , )  + (s - -  s , )  2 Is,  (101/~ :~_ 4 In s ,  + 3 In 2) + i/6sl -}- ( s  - -  s , )  4s ,  (2s ,  + s)} (3.9)  

~11 = s, (6 In 2 --  W6) --  6s , s /  (s -1- s , )  + 4s, In ( t -[- s / s , )  - -  l h s  
11, = s ,  [t - -  N (2e/8 - -  t0 In2)] = 2.080--  0.836N 

It is c l e a r  f r o m  (3.9) that as  N i n c r e a s e s ,  the quanti ty V , ,  which spec i f i e s  the law of mot ion of the p e r t u r b e d  
fluid boundary ,  i n c r e a s e s .  

4.  We shal l  now c o n s i d e r  the solut ion of the p r o b l e m  for  the case  in which the values  of N a re  l a rge .  
Making the following change of va r i ab les  in Eq~ (1A): 

] (1]) = F (z), z = ~lNl/(~+n) (4.1) 

we obtain 

I F ' I ~ - ~ F " - - / ~ ' = - - N - ~ - @ ; - F  ', e ( 0 ) = t ,  F ( ~ ) : = 0  
(4.2) 

We shal l  look for  a solut ion of F(z) in the f o r m  

F = F o + N - 1 F 1  + N - 2 F 2  + . . .  (4.3) 

Inse r t ing  Eq~ (4.3) in (4.2) and co l lec t ing  t e r m s  with like p o w e r s  of N, we can c o n s t r u c t  equat ions  for  
de t e rmin ing  the F i. Solving these equat ions  with the app rop r i a t e  bounda ry  condi t ions ,  we have 

F~ 

~+_A { - n f  2 \ : ~ _  
Po = C - : ,  ~ = : + - T - \ T ~ - Y )  

2 

(n - -  ~n- -1)  ~_ ( l  - -  n) 2 (3 ~- n) 

(4.4) 
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In the case  of a pseudop las t i c  f luid 0 _< z _< ~, while for  a di la tant  f luid 

O ~ ' z ~ z , -  ~ - - . l \  2 ] 

However ,  if Eqs .  (4A) give u n i f o r m l y  a c c u r a t e  app rox ima t ions  for  a pseudoplas t i c  fluid,  the app rox i -  
mat ions  obta ined f o r  a di la tant  fluid a r e  val id  only outside the ne ighborhood  z = z .~  

Inside the reg ion  z = z . ,  i .e . ,  in the ne ighborhood  of the p e r t u r b e d  fluid boundary ,  1 F0 ' I  << [ Fi  ~ ] and 
so the expans ion  (4.2) fo r  a di la tant  f luid is inval id  in this reg ion .  

5. We apply  the method  of in te rna l  and e x t e r n a l  expans ions  [8] to obtain un i fo rmly  exac t  app rox i -  
mat ions  within the whole region of flow for  a di la tant  fluid. Ins tead of the function F(z) ,  we now int roduce 
the i nve r se  funct ion z(F) ,  which sa t i s f i e s  the following equat ion and bounda ry  condi t ions :  

z "  iz' l -~-" - F = - - N - ~ z  [(t + n) z'] -~ 

z ( t ) = 0 ,  z ' ( 0 ) = - - o o  
(5.1) 

We look for  the e x t e r n a l  expans ion  of the funct ion z(F) in the f o r m  

z = z o -4- N - i z l  q- N-~z2  q-  . . .  (5.2) 

Inse r t ing  Eq. (5.2) in (5.1) and co l lec t ing  t e r m s  with like powers  of N, we obtain equa t ions  for the z i, 
which can be so lved  to give 

[ t -[- n ~--i;(l+u)jt + n 
zo = \-"T-J ~ [i -- F(~-x)/( ~+I)] 

~,~n)- l / ( l+n,  t [ _ ~ 3 1 n F _  , '.( )1 z l  "-= ~ n - -  ~ n - -  5 F(n-1)l(~+i) - -  ~" 

(5.3) 

It is clear from (5.3) that (n > i) for F --0, z I - ~ -  ~ for dilatant fluids while z 0 remains finite. We 
must thus construct the internal expansion for z(F) in the region F 0 = 0, which matches with the external 

expansion, according to the principle enunciated in [8]. We now introduce the internal variables as follows: 

z = Z ,  -t- ZN-% F ON-~ 
(z,, a, ~3 = const) 

(5.4) 

The indices  ce andfl  a re  chosen  so that  in the in te rna l  reg ion  in Eq. (5.1) the t e r m  on the r igh t  is of 
the same  o r d e r  as  the t e r m s  on the left,  i .e . ,  the ine r t i a l  t e r m  in Eq. (5.1) b e c o m e s  the dominant  t e r m  in 
the in te rna l  reg ion .  We then have fo r  a and/3 

= 1, ~ = (t + n) / (1 - n) (5.5) 

Rewri t ing  Eq. (5.1) in t e r m s  of the in te rna l  va r i ab l e s ,  we have 

IZ'1-2-~ Z" - - @  = - - ( Z ,  - t - Z N  -~) [(1 + n )  Z'] -~ (5.6) 

The boundary  condit ion for  the funct ion Z (@) is 

z '  (.0) = - o o  (5.7) 

and there  is a l so  the condi t ion fo r  matching  of in te rna l  and ex t e rna l  expans ions .  

Wri t ing  the ex te rna l  expans ion  (5.2) and (5.3) in t e r m s  of the in te rna l  va r i ab le s  (5.4), we obtain 
1" 1 

[ l ~- n '~- T-~  t -}- n [ t 2 . l nN.]  _, . ( ~ _ ~  ) i +n 
Z = \ .  2 ] n - - i  L (n -- t) (n -}- 2) N j t 

~-1 (5 .s) 
F_ t + ~  o ~ - ~  2 i~ |  ~ 1  •  ~-~  (~§  L N - ~ + o ( ~ - ~ )  

If Z (~) is r e p r e s e n t e d  in the f o r m  

z = Zo + o (t) (5.9) 
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E q s .  (5.4), (5o8), and  (5.9) g ive  

1 
Z* = i 4 -n  - - - -  n + l  21nN 

n - -  I (n- -  l) (n @ 5) N 

1 n - - 1  

I_ .+,  Z0 "-+ \ 2 i ~ (I)n-I-1 "@ (n ~- 3) (n - -  J) ~- ~ ]  for ~---, oo 

(5.10) 

(5.11) 

Equations (5.10) and (5.11) show that not only terms containing powers of N should appear in the 
expansion of the quantity z, but also terms containing in N. An equation for Z 0 is obtained from Eq. (5.6) 

l Zo' l + ~ Z o  " - -  (P = [1/~2 ( 1 + n)]-1/(~+1)[( i + n) Zo'] :1 ( 5 . 1 2 )  

If Z 0' i s  taken as  the r e q u i r e d  func t ion ,  then (5.12) b e c o m e s  a f i r s t - o r d e r  equa t ion  and can  be i n t e -  
g r a t e d  n u m e r i c a l l y  wi th  the i n i t i a l  cond i t ion  (5~ M o r e o v e r ,  we can  d e t e r m i n e  Z0(ff ) us ing  cond i t ion  (5.11). 

Equa t ion  (5o11) g i v e s  the f i r s t  t e r m s  in the e x p a n s i o n  of Z0(ff ) for  l a r g e  va lues  of the a r g u m e n t .  The 
r e m a i n i n g  t e r m s  in the e x p a n s i o n  can e a s i l y  be o b t a i n e d  f r o m  Eq.  (5.12). The funct ion Z0(ff ) has  the fo l low-  
ing e x p a n s i o n  in the n e i g h b o r h o o d  of {~ = 0: 

Z o ( O ) - - Z o ( 0 ) + . 4  m •  . .  (5.13) a~ , A2~ 2m 4-  Aa(I)am @ . 

w h e r e  m = (n - 1 ) / n ,  and  the c o e f f i c i e n t s  A i a r e  d e t e r m i n e d  un ique ly  f r o m  (5.12) and  (5.7). 

6. The quan t i ty  V . ,  which  d e t e r m i n e s  the b o u n d a r y  of the p e r t u r b e d  r e g i o n ,  can  be r e p r e s e n t e d  in 
the fo l lowing  f o r m  f r o m  the f i r s t  two a p p r o x i m a t i o n s  

1 

q* = ~ ~+~ ~ , - - 5 - - )  ~ -  ~ (~ - ~) ( .  + ~) N + (6 .1)  

Thus ,  we see  t h a t , a s  N i n c r e a s e s ,  the quan t i ty  V, d e c r e a s e s .  C a l c u l a t i o n s  c a r r i e d  out for  the c a s e  
n = 2 g ive  Z0(0 ) = - 0 . 0 7 3 .  F o r  l a r g e  v a l u e s  of N, the f r i c t i o n a l  s t r e s s  on the p l a t e  ~-w i s  d e t e r m i n e d  f r o m  
the equa t ion  

( n-}- t H2pF_~U2kl/n ~/(n+l) ~ @ N_ 1 (n -}- 1) (3 -~ n) (6.2) "~w ~ \ 2n 

Thus ,  with the p a s s a g e  of t ime  ~'w t ends  to z e r o  a s  t - n / (  n + ~). We note tha t  Eq.  (6.2) i s  va l id  fo r  
p o w e r - l a w  non-Newton ian  f lu ids  (n = 1). 

The a u t h o r  i s  g r a t e f u l  to S. V. F a l ' k o v i c h  f o r  use fu l  d i s c u s s i o n s .  
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